Section D

Partial Differential Equations and its Applications, Maths |1

Introduction

An equation involving partial differential coefficients of a function of two or more variables is known as
a partial differential equation.

If a partial differential equation contains n™ and lower derivatives, it is said to be of n" order. The
degree of such equation is greatest exponent of highest order. Further, such equation will be called
linear if, it is of first degree in the dependent variable and its partial derivatives (i.e. powers or products
of dependent variable and its partial derivatives must be absent).

An equation which is not linear is called non-linear differential equation.

When we consider the case of two variables, we usually assume them to be X, Y as independent

variables and assume Z to be dependent variable. We adopt the following notations throughout the
study of partial differential equations:

o 91 9 t_azz
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In case there are n independent variables, we take them to be X;, X,,X; -+, X, and z is then regarded as

dependent variable. In this case we use the following notations:

0, = 0z _ oz _ oz _ oz
Poax T ook, kg X,
Sometimes the partial differentiations are also denoted by making use of suffixes. Thus we write
ou ou au o%u o%u
u =—,u, =—,u, =—,u, = = and so on.

= ,u
“ox Y ooyt oar Y axPTY oxoy
Formation of partial differential equations:

We shall now examine the interesting question of how partial differential equations arise. We show that
such equations can be formed by elimination of arbitrary constants or arbitrary functions.
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Derivation of a partial differential equation by the elimination of arbitrary constants: Consider an
equation F(X,y,z,a,b)=0 (1)

where a and b are constants. Let z be regarded as a function of two independent variables X and Y,

we get

ﬁﬂgﬁzo andﬁmﬁzo (2)
OX 0z oy oz

Eliminating two constants @ and b from the equations (1) and (2), we shall obtain an equation of the

form f(x,y,z,p,q)=0 (3)
which is partial differential equation of first order.

In a similar manner, it can be shown that, if there are more arbitrary constants than the number of
independent variables, the above procedure of elimination will give rise to partial differential equations
of higher order than the first.

Derivation of partial differential equations by elimination of arbitrary function ¢

from the equation ¢(U,V) = 0, where U and V are functions of X,y and Z:

Given ¢(u,v)=0, (1)
we treat Z as dependent variable and X, Y as independent variables so that

e ady g g

ox' ' ey'ox oy

Differentiate equation (1), partially with respect to X, we get

Opfouox, oudy ouor) Opfovox, ovoy ovor
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From equation (3) and (4), we have
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where P =—— - ~—~ Q=—— "~ - ——— 777
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Thus we obtain a linear differential equation of first order and of first degree in p and Q.

Problem 1: Find a partial differential equation by eliminating @ and b from the equation

z = ax+by+a’b’.

Solution: Given Z = ax + by + a’b? (1)

Differentiate equation (1), partially w.r. to Xand Y, we get
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From equation (1), we have Z = pX+Qy + pzqz. (2)

Equation (2) is required partial differential equation.

Problem 2: Find a partial differential equation by eliminating a,b,C from

72
2

2 2
X
—+y—2+ =1.

a’ b

[}

NG z?
— =1 (1)

2
Solution: Given —- + y—2 +
a c

Differentiate equation (1), partially w.r. to X and Y, we get

2x 2z 2y 2z

a T POt a7?

=c’x+a’zp=0 (2)
and c?y+b%zq=0 (3)

Differentiate equation (2), partially w.r. to X and equation (3) w.r. to Y, we get

c2+a2p2+azz@:0:>c2+a2p2+a22r:0 (4)

c2+b2q2+bzz%q:0:cz+b2q2+b22t:0 (5)

From equation (2) and (4), we have

2

za
P +a2p? +a%zr =0

X

= xzr+xp°-zp=0 (6)

Similarly, from (3) and (5), we have
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yzt+yq* —2q=0 (7)

Equation (6) and (7) are two possible forms of required equation.

Problem 3: Form the partial differential equation by eliminating the arbitrary function ¢ from

¢ (x+y+2,x* +y®—12%) =0.What is the order of this partial differential?

Sol. Given ¢(X+y+2,x>+y*—-2?)=0. (1)
Let U=X+Yy+z, v=x2+y2—z2 (2)
Then (1) becomes ¢(u,v) =0 (3)

Diff. equation (3), partially w.r . to X, we get

Oo¢ ,0u ou, O¢ ,ov ov

—¢(—+ —)+—¢—+p—):0 (4)

ou Ox 0Z" OV OX oz

From equation (2)
a—u=1,a—u=1,@:2x,@=—22,a—u=1,@:2y (5)
OX oz OX oz oy oy

From eq. (4) & (5)

99 99 (9% _207) =
au(1+p)+8v(2X 2pz) =0

og/ou _ 2(x-p2)
oplov 1+p

(6)

Again, Diff. eq.(3)partially w.r.to y ,we get

og/ou _ 2(y-q2)
g/ (1+p)

From (6) & (7)

(7)
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(x—pz) _(y-q2)
t+p) (@+aq)
or (x—pz)(L+q) = (1+ p)(y - qz).

or X+0gXx—pPzZz—pgz=y—-qz+ py—- pgz

or(y+z)p—-(x+z)q=x-yY.

which is the required partial differential equation of first order.
Lagrange's Linear partial Differential Equation:

The partial differential equation of the from Pp+QqQ = R, where P, Q and R are function of X,Y,Z is

standard form of a quasi-linear partial differential equation of first order. It is called Lagrange's linear
differential equation.

Lagrange's equation
Pp+Qq=R «

is obtained by eliminating an arbitrary function ¢ from

#(u,v) =0 )
where are u, v are some definite functions of x, y, z.

Diff.(2) partially w. r. to x and y ,we get

%(a_u+ a_u)+% @4_ p@)zo
ou OX 0z oV OX 0z

Q00

9 N, Ny
ou oy az)+av(8y+qaz) 0

op _ 0O¢

Eliminating — & — & we, get
ou ov

ou,,ov oV

F o p s My p?
OX ooy oz

ou
)_(5+q5)(&+ p5)=0-
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Which is same as equation (1), with

pL U N NN, N N N AN

oz oy oz oy oz ox ox oz’ ey ox ox ar
To determine U,V from P,Q, R suppose U=a,Vv=Dbwhere a &b are constants, so that
a—u.dx+a—u.dy+a—udz:du:0
OX oy oz
@.dx+@.dy+@dz=dv=0
OX oy 0z

By cross multiplying, we get

B dy 3 dz
ouov Ou v ouov ov ou

oy 6z oz ey Oz ox ar ox  ox oy oy ox

The solution of these equations are U = a &V = b. Thus determining U,V from the simultaneous
equation (3), we have the solution of partial differential equation

Pp+Qq=R,¢(u,v)=00ru=f@.

Note: Equations (3) are called Lagrange’s auxiliary equations or subsidiary equations.

Working rule for solving Pp + Q@ = R by Lagrange’s method
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Step 1: Put the given linear partial differential equation of the first order in the standard

form Pp+Qq=R ¢

Step 2: Write down Lagrange’s auxiliary equations for (1) namely,

o=2=Z @

Step 3: Solve equation (2). Let U(X,Y,Z) =, and V(X, Y, Z) = C, be two independent of (2).

Step 4: The general solution of (1) is then written in the following three general forms:

#(U,v) =0, u=4¢(v), v=gu).

Problem 4: Solve (y?z/X)p + xzq = y?.

Solution: (y2z/x)p + xzq = y*. (1)
Lagrange’s auxiliary equations are

dx _dy_ dz
y>z/x  xz y?

Taking first two fractions

viz/x xz y’ x°

dx _ﬂ: dx dy
= x’dx-y’dy=0=x>-y’ =¢, (2)

Taking first and last fractions

dx _dz
yiz/x y?
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= xdx—ydy=0=x" -y’ =c, (3)
From (2) and (3) the required general solution is

¢(X3 -y x> —y?) =0, @ being an arbitrary function.

Problem 5: Solve p+3(Q =5z + tan(y —3x).

Solution: Given p +3q =5z + tan(y — 3x). (1)
Lagrange’s auxiliary equations are

dx _dy _ dz

1 3 5z+tan(y—3x)

Taking first two fractions

%:%:dy—de:O:y—Sx:cl (2)

Taking first and last fractions

dx dz

1 B 5z +tan(y — 3x)

from equation (2)

dx dz 5dx 5dz

= f— =
1 b5z+tanc 1 5z+tanc,

Integrating
5x =log(5z + tanc,) + ¢, =log(5z + tan(y — 3x) +c¢, (3)
from (2) and (3), the required general solution is

5x —log(5z + tan(y — 3x) = #(y — 3x), ¢ being an arbitrary function.
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problem 6: L~ ¢) yzp+ (c ; 3) ZXq = (@a-b) XY.
a

Solution: Given (b=c) yzp+ (c-a) Xq= (a=b) Xy (1)
a b C
Lagrange’s auxiliary equations are
dx  dy  dz )
(b—c)yz (c—a)zx (a-b)xy
a b C

Choosing X, Y, Z as multipliers, each fraction of (2)

_axdx+bydy+czdz _ axdx+bydy+czdz
xyz(b—-c+c—a+a-Db) 0

Therefore axdx+bydy+czdz=0

. 2 2 2 _
Integrating, ax” + by +cz° =c, (3)
Again, choosing ax,by,cz as multipliers, each fraction of (2)

_a’xdx+b’ydy+c?zdz  a’xdx+b’ydy+c®zdz
xyz(ab—ac+bc—ab+ac—-hc) 0

Therefore a® xdx+b* ydy+c?zdz=0
Integrating, a°x* +b’y? +c?z% =¢, (4)
From (3) and (4) the required general solution is given by

#(a’x® +b?y? +c®z%,ax® +by® +¢z%) =0, ¢ is an arbitrary function.

Non-linear partial differential equations of first order but not of first degree, Charpit’s Method:
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A partial differential equation which involves first order partial derivatives p and q with degree higher
than one and the products of p and q is called a non-linear partial differential equation. The complete

solution of such equation involves only two arbitrary constants (i.e. equal to no. of independent
variables). The general method of solving these type of equations is Charpit’s method.

Charpit’s Method is a general method for solving equations with two independent variables. But the
solution by this method is generally more complicated, therefore this method is applied to solve
equations which can’t be reduced to any of the standard forms which will be discussed later on.

Let the given equation be f(X,Y,z,p,q,)=0 (1)
We know that dz = pdx+qdy (2)
The next step consists in finding another relation
F(xy,2,p,0,)=0 (3)

such that the values of p and Q obtained by solving (1) and (3), are substituted in (2), it becomes
integrable. The integration of (2) will give the complete integral of (1).

In order to obtain p and ( differentiate (1) and (3) partially with respectto X and Y.

Then we get

of of of op of oq
—+p—+——+——=0
OX 0z Opox oq ox

i_kpﬁ_ki@_kﬁa_qzo (5)
OX oz Op ox 0q ox

o Ve T opoy T oq oy

ﬁ+ aF +ﬁ@+i@zo

af af+i@+ia_q=0

o Va Tapoy oq oy

p

Eliminating 5_ from equation (4) and (5), we get
X
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—+p — =0
OX oz 0q oX

(af of afanaF (
—+p—F+—— |- =
op

6F+ 6F+ﬁ6_q of
OX 0z 0q oX )op
of oOF OF of of oOF OF of of oOF OF of \oq
_____ +| +| —————|—=0 (8)
oq op 0q op ) ox

q

Similarly, the elimination of — between equation (6) and (7) gives

oz oq 07 dq a

(afaF 6Fafj+(6faF 6F8fj+[afaF aFafj@zo
oy oq oy oq

apoq pag)oy

Sinceé—q—3 Q = 0°z —i(g)_@
ox ox\oy) oxoy oylox) oy
Adding (8) and (9), we get

0z 0q 0z oq

(f+ pf,)F, +(f, +df,)F, + (=pf, —qaf )F, + (~f,)F, +(~f,)F, =0 (10)
This is a linear partial differential equation of first order, thus

dp dq dz dx dy _dF (11)

fo+pf, f,+pf, —pf,—of, —f, —f, 0

Since any of the integral of (11) will satisfy (10), an integral of (11) which involves P or( (or both) will
serve along with the given equation to find P and Q. In practice, however, we shall select the simplest

integral.

Problem 7: Find a complete integral of pX+qy = p0.

Solution: Given equationis f = px+qy— pgq=0 (1)
f,=pf,=0q,f,=0f =x-q,f, =y-p
Charpit’s auxiliary equations are
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dp  dg dz _dxdy
f,+pf, f,+pf, —pf,—af, -, -1

@=%= dz _ dx _ dy
p g -px-g)-aly-p) g-x gq-y

Taking first two fractions

Integrating log p =logq+loga= p=aq.
Putting the value of pin (1), we have

agx+qy—ag’ :O:q:L?: p=ax+y.

We know that dz = pdx+ qdy

oo dz = (ax+ y)dx+[axf;L y)dy

adz=a(ax+ y)dx+ (ax+ y)dy

adz = (ax+ y)(adx+ dy)

2
ax+
Integrating az = Q +b. which is the complete integral.

Problem 8: Find the complete integral of Xp— yq = Xgf(z — px—qy).

Solution: Given F = xp— yq— xgf (z— px—qy)

F.=p—aof + paxf',F, =—q+0°xf',F, =—axf",F, = x+qx*f',F, = —y +qgxyf '— xf.

Charpit’s auxiliary equations are

dp  dg dz _dxdy
f,+pf, f,+pf, —pf,—af, -, -1,
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dp 3 dg dz dx 3 dy

p—qf + paxf'— pgxf’ —q+q°xf —g’xf’ — px— pgx’f’ T X=Xt y—guyf 4+ xf
+yq—q°xyf’ +qgxf
d d
L= @
p—af —q

Using X,y as multipliers each fraction of (2)

xdp+ydg _  xdp+ydq _ xdp+ydq

T px—gxf—qy  (px—ay) - oxf 0 from ()
xdp+ ydg=0= xdp+ ydq+ pdx+qdy = pdx+ qdy
xdp+ ydg+ pdx+ qdy = pdx+ qdy
d(xp)+d(yq) =dz
Integrating Xp+Yyq=2z-a (3)
Z-Xp-yg=a (4)
from (4) and (1), we have
Xp—yq = xqf(a) (5)

Subtracting equation (3) and (5), we have
2yg=z-a—xgf(a)

.
2y + xf(a)

Putting the value of Qin (3), we have

y(z-a) _(z-a)Q2y+xf(a)-y)
2y +xf (a) 2y +xf (a)

Xp=z-a-

_(z-a{y+xi(a)}
x{2y + xf (a)}

P

We know that dz = pdx+ qdy
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T R 1 CY) S )
{2y + xf(a)} 2y + xf(a)

2dz  2(ydx+ xf (a)dx + xdy)
(z-a)  x2y+xf(a)}

2log(z —a) = logx{2y + xf (a)}+logb

(z—a)? =bx{2y + xf (a)}. this is the required solution.

Problem 9: Solve the equation Z = pZX + qzy.

Solution: Let f = p°x+Q°y -z (1)

fo=p*f,=q° f,=-1f =2px f, =2qy

y
Charpit’s auxiliary equations are

dp  dg dz _dxdy
f,+pf, f,+pf, -pf,—af, -, -1,

dp  dg dz _dx dy
p’-p q*-q -2p’x-2q°y -—2px —2qy

_ pidx+2pxdp _ qg’dy+2qydq
2p’x-2p*x-2p°x 29’y -2q%y-2q°y

p®dx+2pxdp _ q°dy+2qydq
p°x qa’y

Integrating, 10g p?x = logq?®y + loga = p®x = aq®y (2)

From equation (1) and (2), we have
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% b
) B z . _ az
z=(@+a) y:q—{(l+ a)y} and P {(1+a)x}

Now, dz= pdx+qdy

% %
dz= {i} dx + {;} dy
@1+a)x @+a)y

e YA, 1
o (1+a)ﬁ_&dx+\/§dy

Integrating, \/(L+a)z =/ aX\/V +Db. this is the required solution.

Special methods of solutions applicable to certain standard forms: We have already discussed the
general method (Chaript’s method) for solving non-linear partial differential equations.

We now discuss four standard forms to which many equations can be reduced, and for which a
complete integral can be obtained by inspection or by other shorter methods.

Standard form I: (Only p and g present)

If an equation having only p and g that is of the form f(p,q) = 0. The complete solution of this
type of equationsis Z=ax+by+c (1)

where aand b are connected by the relation f(a,b)=0 (2)
from (2), we have b = ¢(a).
Therefore, from (1) the complete solution of f(p,q) =0 is z=ax+¢(a)y+cC.

where a and C are arbitrary constants.

Remark: Sometimes change of variable can be used to transform a given equation to standard form I.
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Problem 10: Solve p2 + q2 =m?Z.

Solution: Given p2 + q2 =m? (1)
Since (1) is of the form f(p,q) =0, its solution is

z=ax+hby+c (2)

where a°> +b®> =m* = b =,/(m* —a%)

Hence from equation (2), complete integral of (1) is given by

Z=ax++(m?-a’®)y+c.

Problem 11: Solve X’ p2 + y2q2 =77

Solution: Given equation can be written as

x2 (a2 y*(ezY
z2°\ Ox z° oy

2 2
or (X_@Zj +(y_62 =1 (1)
Z0X zoy
Put 1dx:dx,ldy:dY,ldz:dZ (2)
X y z
Sothat logx= X, logy=Y, logz=Z (3)
oz\* (oz Y’
Using (2), (1) b _— ZZ | =1orP? 2_1 (4
sing (2), (1) becomes [OX) +(6Y) or +Q (4)
where P = 2—)2(, Q =2—$. Equation (4) is of the form f(P,Q) =0.

Prepared and Edited by: HEMLATA AGGARWAL



Therefore solution of (4) is Z = aX +bY +c, where a? +b? =1

o Z=aX +,/@1-a%)Y +c

logz =alogx++/(L—a?) logy + ¢ which is the required solution.

Problem 12: Find the complete integral of (X+ y)(p+q)* +(x—y)(p—q)* =1.

Solution: Let X and Y be two new variables, such that

X?=Xx+yandY?=x-Yy (1)

Given equationis (X+ Y)(p+q)* +(x=y)(p—0q)° =1 (2)

L _moX v

Now, p=—=
oX OX ox OY oX

1 oz 1 oz

P=ox ax " 2v oy G
and po 2 1l (4)
2X X 2Y oY

from (3) and (4), we have

|0+q—iﬂ |0—q—lz (5)
X X' Y oY

Using (1) and (5), (2) reduces to

1 (azY 1(ezY
X2 = —) +Y? —) =1
X2 X vy2ay

2 2
(;—)Z(j +(§—$j =lorP?+Q°=1 (6)
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where P = 68_)2(’ Q= % Equation (6) is of the form f (P,Q)=0.

Hence solution of (6) is Z =aX +bY +c. where a®> +b*> =1 or b=./(1-a?%).

Hence the complete solution of given equation is

z=a,/(Xx+Yy)+@1-2a%)(x-y) +c.

Standard form Il (Clairaut’s form):

A first order partial differential equation is said to be of Clairaut’s form if it can be written in the form
z=px+ay+f(p,q) (1)

Let F=px+qy+f(p,q)—z

F=pF =0F =-LF =x+f ,F =y+f.

Charpit’s auxiliary equations are

dp  dg dz _dxdy
f,+pf, f,+pf, —-pf,—af, -, -1
. dp_dq_ dz dx  dy

0 0 —px-pf,—qy-df, T f, s f,
Taking first fraction
dp=0=p=a (2)
Taking second fraction
dgq=0=q=Db (3)
Substituting these values in (1), the complete solution is

z=ax+by+ f(a,b).

Problem 13: Solve Z = pX+qy + pPg.
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Solution: Given equation Z = pX+Qqy + pgis in Clairaut’s form.

Hence its solution is Z = ax+ by + ab.

Problem 14: Prove that the complete solution of the equation

(px+qy—-2)° =1+ p* +q° is ax+by+cz = (a* +b? +c2)%.

Solution: Given equation is (pPX+qQy —z)* =1+ p* +¢?

or PX+qy—2z =+1+ p®+q°
or Z=pX+qy*+1+p®+q°

which is in Clairaut’s form. Hence its solution is

z=Ax+By++V1+A®*+B? (1)

a b
To get the required form, we take positive signin (1) and let A=——,B =——, then (1) becomes
C

c
a_ b a’> b’
Z=——X——y+,l+—+—
c ¢ c° c

ax+by+cz =va® +b® +c? or ax+by+cz =(a’® +b? +c2)}/2.
Problem 15: Find a complete integral of 4Xyz = pq+ 2px°y + 2gxy>.

Solution: The given equation can be written as
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Z:ﬂ+m+ﬂorzz(i@) la +Xz[LQJ+yz Lla)
4y 2 2 2X OX \ 2y oy 2X OX 2y oy

Put 2xdx=dX, 2ydy=dY (2)
Sothat x> =X, y*=Y (3)
Using (2) and (3), (1) becomes z = (@)(ﬂ) + X 2 +Y z

oX N\ oY oX oY

oz . oz

z=PX +QY +PQ, wh P=—,0Q0=— 4
or Q Q, where x Q >y (4)

Equation (4) is in Clairaut’s form. Hence its solution is
z=aX +bY +ab= z =ax® +by* + ab.

Standard form lll:

Equations of the form f(p,q,z) =0.

Let us assume Z = @(X +ay) = @#(U), where U= X+ay as a solution of the given equation.

oz , Y _E
p= =Fxray)=¢W=" and q:%:a¢'(x+aY):a¢'(“):aj_§'

dzE

adu

ordinary differential equation of first order. Integrating it, we get the complete solution.

Substituting these values of p and ( in the given equation, we get f[z, j =0 whichisan
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Working rule for solving equations of the form f(p,q,2)=0:

Step I: Let U = X + ay.

dz dz o . .
Step ll: Replace p and q by d_ and ad— respectively in given equation and solve the resulting
u u

ordinary differential equation of first order by usual methods.

Step lll: Replace U by X+ ay in the solution obtained in Step II.
Problem 16: Find a complete solution of 9(p22 + qz) =4,

Solution: Given equation is 9(p°z +q°) =4 (1)

which is of the form f(p,Q,z) =0. Let U= X+ay where ais an arbitrary constant. Now, replacing p

dz dz
and by — and a— respectively in (1), we get
du du

2 2 2
Q(Ej z+a2(Ej =4:>[$) =L
du du du 9(z +a%)
dz

2
du 3Jz+a’

or

:du:g(z+a2)%dz

H _ 2 % 2 _ 23\3
Integrating, we get U+b =(z+a")"2 or (U+D)° =(z+a")

Hence the complete solution is (X +ay +b)* = (z +a*)°.
Problem 17: Find a complete solution of p* = z*(1— pq).
Solution: The given equation is p2 = 22(1— pa).
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which is of the form f(p,Q,z) =0. Let U= X+ay where ais an arbitrary constant. Now, replacing p

dz dz
and q by — and a— respectively in (1), we get
du du

(@) -8 () -5

dz )’ ) , 3dz z
— | (l+az)=2"> —=——
(dUJ ( ) du 1+ az?

Ja+az’)dz  (1+az’)dz dz azdz

z - z\/(1+ az®) - z\/(1+ az?) " \/(1+ az?)

++/1+ az?

or du=

Integrati tu+b I dz
ntegrating, we ge = |—

z+/1+ az?
1

Let z:—:dz:—izdt
t t

dt . t
L U+b=- ++1+az® =-sinh™| —= |[+/1+az’
'[\/t2 +a (\/EJ

o4 1
= X+ay+hb=-sinh 1(—] ++1+az?, which is the complete solution.

z+/a
Standard form IV (Equations of the form f, (X, p) = f,(y,q)):

As a trial solution, let us put each side equal to an arbitrary constant a, then f, (X, p) = f,(y,q) =a.
Solving these equations for pand ¢, let p=F,(x)and q=F,(y).

0z

Since dz=—
OX

0z
dx + — dy = pdx + qdy
oy

dz = F (x)dx + F, (y)dy
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Integrating, Z= IFl(X)dX+IF2(y)dy+b

which is the required solution.

Problem 18: Find a complete solution of X(1+ Y)p = y(1+ X)q.

Solution: Given equation is X(1+ Y)p = y(1+ X)q

xp_ Y

or =
1+x 1+y

Equating each side to an arbitrary constant a, we have

X _ ¥4 _,
1+x 1+y
sothat p = al+x) and Q= a(l+y)
y

Putting these values p and ¢ in dz = pdx+qdy

dz = a(+x) dx+ al+y) :de+adx+gdy+ady:a(ldx+dx+ldy+dYJ
X y X y X y

Integrating, we have z = a(logx+logy+ x+y)+b=a(logxy+x+y)-+b.

Which is a complete solution containing two arbitrary constants @ and b.
Problem 19: Find a complete solution of z°(p® + %) = x> + y*.
Solution: Given equation can be written as
2 2
o| [ 0z 2 (o s 2 o\’ 0z P
27| = | +|=| |=x"+y ,or,|z2—| +|z2—| =X"+Y¥ (1)
OX oy OX oy
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2
Let zdz = Z so that Z?: Z (2)

From equation (1) and (2), we have

ZY (Z) s 2 prier v
— | +|— | =x"4+y°,0or, PP+Q°  =Xx"+ 3
(axj (ay) Voon PRy 2
where P:%,Q:%.

OX oy

Equation (3) can be written as P2 —x*= y2 —Q2 . Equating each side by an arbitrary constant a’, we
2 2 _ 2 2 _ a2, . Y ¢ 2% Y 2%

get PP —x’=y*-Q°=a’; . P=€*+x*2,Q=¢(*-2a*

We know that dZ = Pdx+Qdy = (a® erz)%dxjt(y2 —az)%dy

Integrating,

7 = g,/(a2 +x2) +a?log{x+\/(a2 + xz)}+%\/(y2 _a?) —"j‘?log{y+,/(y2 - az)}+%b

V@t +x?)
22=x\/(a2+x2)+y\/(y2—a2)+a2 log X+ }+b
{Y+\/(y2 -a’%)

Method of separation of variables:

The following problem illustrates the method of separation of variables (or product method).

ou ou
Problem 20: Using the method of separation of variables solve the equation 8_ +—=23ugiven
X

u=3e"? -e>when x=0.

u u
Solution: The equation is 8_ + 6— =3u (1)
oX oy
Let u = X(X)Y(y) where X is a function of X alone Y is a function of Yy alone
u
M _ X'Y  and M XY’
OX oy

Substituting in equation (1), we get X'Y + XY'=3XY ,or, X'Y =X@3Y -Y") (2)
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Separating the variables

X' Y- Y

— =3-—=Kk
X Y y ~Rb)
X' ) x
(a) 7: k Integrating logX =kx+logc, = X =c,e
(b) 3—Y—:k:>Y—=3—k
Y Y

Integrating logY = (3—-k)y +logc, =Y =c,e®™

u=XY =c,c,e" ey "
given U=3%" —e where x=0
from (3) putting U(0, y) = ¢,c,e** ¢+ "
Also u(0,y) =3¢ ~e™ (given) (5)

Comparing (4) and (5), we get
c,c, =33-k=-1=c,c, =3 k=4
and ¢C,=-13-k=-5 =cc,=-1k=8

Hence u(x, y) = 3e+ G4y _ g8G8)y _ 304y _ o83 thic is required solution.

Applications of partial differential equations

Many physical and engineering problems when formulated in the mathematical language give rise to
partial differential equations. Besides these, partial differential equations also play an important role in
the theory of Elasticity, Hydraulics etc.
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Since, the general solution of a partial differential equation in a region R contains arbitrary
constants or arbitrary functions, the unique solution of a partial differential equation corresponding to a
physical problem will satisfy certain other conditions at the boundary of the region R. These are known
as boundary conditions. When these conditions are specified for the time t = 0, they are known as

initial conditions. A partial differential equation together with boundary conditions constitutes a
boundary value problem.

In the application of ordinary linear differential equation, we first find the general solution and
then determined the arbitrary constants from the initial values. But the same method is not applicable
to the problems involving partial differential equations. Most of the boundary value problems involving
linear partial differential equations can be solved by the method of separation of variables. In this
method right from beginning we try to find the particular solutions of the partial differential equation
which satisfy all or some of the boundary conditions and then adjust them till the remaining conditions
are also satisfied. A combination of these particular solutions gives the solution of the problem.

o? 0°
Vibrations of a stretched string, one dimensional wave Equation (6'[_2y =c? a—zl ):
X
0%y o%y
The partial differential equation giving the transverse vibration of the string is given by ? =c? y

It is also called the one dimensional wave equation.

0%y o%y
The boundary conditions, which the equation ? =c? W has to satisfy, are:

(1)y=0, whenx=0

= . These should be satisfied for every value of {.
@i)y =0,whenx =1

If the string is made to vibrate by pulling it into a curve Y = f (X)and then releasing it, the initial

conditions are:

My="1(x), whent=0 (ii)% =0, whent=0.

Problem 21: A slightly stretched flexible string has its ends fixed at X =0and X =1. Attime t =0, the
string is given a shape defined by f(X) = £X(l —X) where y is a constant and then released. Find the

displacement of any point X of the string at any time t > 0.
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o’y  , 0%y

Solution: The wave equation is ? =C W' the boundary conditions are given as

y(0,t) =0, y(I,t) =0, and y(x,0)= f(X) = wux(l - x),[%) =0 are the initial conditions.

t=0
Let y = XT,where X is a function of X alone and T is a function of t alone.
0° 0°
Now —&f —XT" —aXZ - X"T
. . . . ” 2 " X” 1 T”
Substituting in wave equation,weget XT"=¢c°X"T = = —2? =K (say) (1)
C

Equating first and last term of (1), we get
X"—kX =0

Casel: When k=0,X"=0= X =ax+b
Now applying boundary conditions X(0)=0+b=0=b=0,X(l)=al=0=a=0
i.e. X =0= y=0whichis a trivial condition i.e. Our supposition k = Qis false.
Case Il: When kK =m? >0

X"-m*X =0= X =ae™ +be ™
Now applying boundary conditions X (0) =a+b=0,X(I)=ae™ +be™ =0
Which again gives a trivial solution i.e. our supposition K = m? > Qs false.
Caselll: k=—-m? <0

X"+m?X =0 = X = acosmx+bsinmx
Now applying boundary conditions X(0) = a+0=0=a =0, X(I) = bsinml =0

Now either b =0 or sinml = 0. If we take b =0 then again a trivial solution, therefore we take

. ) Nz . nrxr
sinml :O:smnn:m:sz :bsmT.

Equating second and last term of (1), we get
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nact . nact
T k¢’ T=0=T"+m*c’T =0T =0, 08—+, Sin—=

{ nzct
Therefore y(x,t) =bsin I—ﬂx(cl cosT7ZC +C, sin I—ﬂcj

On replacing bc, by a,and bc, by b, and adding up the solutions for different values of N, we get

y:Z(an cosnl—ﬂCtern sinnTﬂCtjsm% (2)

n=1 I

Now, applying the initial conditions y = f (X) = x(l — X) and% =0, when t =0, we have

f(x)=3a, s,in”T”X a)
n=1

Since equation (3) represents half range Fourier sine series for f(X), we have
- ff(x)sm—dx (5)
From (4), b, =0, forall n.

Hence equation (2) reduces to y = ZIE(J: f(x) COS% dxjsin%

n=1 |

> 2 n . N
y = ZT( J: mx(l —x) COST7ZX dX)S|n|—7ZX which gives the required solution.

n=1

One-Dimensional Heat Flow:

au o%u
The heat equation is given by E =¢? a—zwhere c?is known as the thermal diffusivity of the material
X

of the bar.
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Problem 22: An insulated rod of length | cm has its ends A and B maintained at 50°c and 100°c
respectively until steady state conditions prevail. If B is suddenly reduced to 0°c and maintained at 0°c.
Find the temperature at a distance x from A at time t.

ou o%u
Solution: The temperature function U(X,t) satisfies the heat equation E =c? 8_2 (1)
X

Prior to the temperature change at the end B, when t = 0, the heat flow was independent of time

(steady state condition). When the temperature U depends only upon X and not on t, (1) reduces to
o%u
o

Its general solution is U = ax+b where a,bare arbitrary constants.

Since U =50for X =0and u =100for X =1, we get a:$,b:50

The initial condition is expressed as u(x,0) = STO X+50

Also the boundary conditions for the subsequent flow are u(0,t) = 0,u(l,t) =0 for all values of t.
To finding the solution of (1), Let u = X(X)T (t) (2)

2
M_xt and ZTU_xrT
ot ox

Therefore from equation (1), we get

" 1 T!
:c_z?zk (3)

XT'=¢’X'"T =
X
Equating first and last term of (3), we get
X"—kX =0
Casel: When k=0,X"=0= X =ax+b
Now applying boundary conditions X(0)=0+b=0=b=0,X(l)=al=0=a=0
i.e. X =0= y=0whichis a trivial condition i.e. Our supposition k = Qis false.

Case ll: When k =m? >0
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X"-m*X =0= X =ae™ +be ™
Now applying boundary conditions X(0) =a+b=0,X(I)=ae™ +be™ =0
Which again gives a trivial solution i.e. our supposition K = m? > Qs false.
Caselll: k=—m? <0
X"+m?X =0 = X = acosmx+bsinmx
Now applying boundary conditions X(0) = a+0=0=a =0, X(l) = bsinml =0

Now either b =0 or sinml = 0. If we take b =0 then again a trivial solution, therefore we take

] ) Nz . Nz
sinml :O:smn7z:>m:T:> X :bsmT.

Equating second and last term of (3), we get

n?z2c%
2

c.e

-m%c?t __

T =-m°c’T =T =ce

n?z%c?t

IZ

. nax
u(x,t)=b5|n|—cle

On replacing bc, by &, and adding up the solutions for different values of N, we get

n?z2c?t

u(x,t):ian sin?e ’ (4)
=1

n?z%c?t
2

Since u(x,0) :$x+50, we have $x+50:2an sin#e

n=1

50
which is half-range sine series for T X +50.

n

a :Ig ﬁ(?x+50]sin?dx:@(1—2cosn7r).

Nz
2_2.2
=100 X e
Therefore solution of heat equation is U(X,t) = Z— @a- ZCosnn)smTe ”
n=1 nzx
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Two Dimensional Heat Flow:

. . . du  ,(0°u %
Two dimensional heat equationis — =C°| — + —

ox* oy’
This equation gives the temperature distribution of the plate in the transient state (unsteady state).

ou
Note: In the steady state, u is independent of t, so that E = 0and the above equation reduces to

= 0 which is known as Laplace’s Equation in two dimensions.
aXZ ayz
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