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Section D 

 Partial Differential Equations and its Applications, Maths II 
 
Introduction 

An equation involving partial differential coefficients of a function of two or more variables is known as 

a partial differential equation. 

If a partial differential equation contains nth and lower derivatives, it is said to be of nth order. The 

degree of such equation is greatest exponent of highest order. Further, such equation will be called 

linear if, it is of first degree in the dependent variable and its partial derivatives (i.e. powers or products 

of dependent variable and its partial derivatives must be absent).  

An equation which is not linear is called non-linear differential equation. 

When we consider the case of two variables, we usually assume them to be yx, as independent 

variables and assume z to be dependent variable. We adopt the following notations throughout the 

study of partial differential equations: 
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In case there are n independent variables, we take them to be nxxxx ,,, 321   and z is then regarded as 

dependent variable. In this case we use the following notations: 
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Sometimes the partial differentiations are also denoted by making use of suffixes. Thus we write      

yx

u
u

x

u
u

z

u
u

y

u
u

x

u
u xyxxzyx

2

2

2

,,,,  and so on. 

 

Formation of partial differential equations: 

  

We shall now examine the interesting question of how partial differential equations arise. We show that 

such equations can be formed by elimination of arbitrary constants or arbitrary functions.  
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Derivation of a partial differential equation by the elimination of arbitrary constants: Consider an 

equation 0),,,,( bazyxF     (1) 

where a and b are constants. Let z be regarded as a function of two independent variables x and ,y  

we get  
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Eliminating two constants a and b from the equations (1) and (2), we shall obtain an equation of the 

form 0),,,,( qpzyxf     (3) 

which is partial differential equation of first order. 

In a similar manner, it can be shown that, if there are more arbitrary constants than the number of 

independent variables, the above procedure of elimination will give rise to partial differential equations 

of higher order than the first. 

 

Derivation of partial differential equations by elimination of arbitrary function  

from the equation ,0),( vu  where u  and v  are functions of yx,  and z : 

 

Given 0),( vu ,                         (1) 

we treat z as dependent variable and yx,  as independent variables so that 
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Differentiate equation (1), partially with respect to ,x  we get 
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Similarly, differentiate equation (1), partially with respect to ,y  we get 
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From equation (3) and (4), we have 
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Thus we obtain a linear differential equation of first order and of first degree in p and .q  

 

Problem 1: Find a partial differential equation by eliminating a and b from the equation 

 .22babyaxz  

 

Solution: Given 
22babyaxz        (1) 

 Differentiate equation (1), partially w.r. to x and ,y  we get 
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From equation (1), we have .22qpqypxz     (2) 

Equation (2) is required partial differential equation. 

 

Problem 2: Find a partial differential equation by eliminating cba ,,  from 
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Solution: Given 1
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Differentiate equation (1), partially w.r. to x and ,y  we get 
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 022 pzaxc        (2) 

and  022 qzbyc        (3) 

Differentiate equation (2), partially w.r. to x and equation (3) w.r. to ,y  we get 
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From equation (2) and (4), we have 
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 02 pzxprxz       (6) 

Similarly, from (3) and (5), we have 
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  02 zqyqtyz        (7) 

Equation (6) and (7) are two possible forms of required equation. 

 

Problem 3: Form the partial differential equation by eliminating the arbitrary function  from 

.0),( 222 zyxzyx What is the order of this partial differential? 

Sol. Given .0),( 222 zyxzyx                                                      (1) 

       Let 222, zyxvzyxu      (2) 

       Then (1) becomes 0),( vu            (3)                             

       Diff. equation (3), partially w. r . to ,x  we get  
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From eq. (4) & (5) 
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Again, Diff. eq.(3)partially w.r.to y ,we get 
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which is the required partial differential equation of first order. 

 

Lagrange’s Linear partial Differential Equation: 

  

The partial differential equation of the from ,RqQPp  where P, Q and R are function of zyx ,,  is 

standard form of a quasi-linear partial differential equation of first order. It is called Lagrange’s linear 

differential equation. 

Lagrange’s equation 

                                       1RQqPp  

is obtained by eliminating an arbitrary function  from  

                                       )2(0),( vu  

where are u, v are some definite functions of x, y, z. 

Diff.(2) partially w. r. to x and y ,we get  
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Which is same as equation (1), with 
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To determine vu, from RQP ,, suppose bvau , where ba &  are constants, so that  
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By cross multiplying, we get 
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The solution of these equations are .& bvau Thus determining vu,  from the simultaneous 

equation (3), we have the solution of partial differential equation 

.0),(, vfuorvuRQqPp   

 

Note: Equations (3) are called Lagrange’s auxiliary equations or subsidiary equations.  

 

Working rule for solving RQqPp  by Lagrange’s method  
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Step 1: Put the given linear partial differential equation of the first order in the standard                

form          1RQqPp  

Step 2: Write down Lagrange’s auxiliary equations for (1) namely, 
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Step 3: Solve equation (2). Let 1),,( czyxu and 2),,( czyxv be two independent of (2). 

Step 4: The general solution of (1) is then written in the following three general forms: 

                    

                    ).(),(,0),( uvvuvu  

 

 

Problem 4: Solve .)( 22 yxzqpxzy  

 

Solution:  .)( 22 yxzqpxzy                (1) 

            Lagrange’s auxiliary equations are  
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  Taking first two fractions   
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 Taking first  and last fractions   
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  2

220 cyxydyxdx     (3) 

 From (2) and (3) the required general solution is  

  ,0),( 2233 yxyx   being an arbitrary function. 

 

Problem 5: Solve ).3tan(53 xyzqp  

 

Solution: Given ).3tan(53 xyzqp      (1) 

 Lagrange’s auxiliary equations are  
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 Taking first two fractions 
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 Taking first and last fractions  
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 from equation (2) 
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 Integrating 

 221 )3tan(5log()tan5log(5 cxyzcczx   (3) 

 from (2) and (3), the required general solution is 

 ),3()3tan(5log(5 xyxyzx being an arbitrary function. 
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Solution: Given xy
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Lagrange’s auxiliary equations are 
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Choosing zyx ,,  as multipliers, each fraction of (2) 
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 Therefore 0dzzcdyybdxxa  

 Integrating, 1

222 cczbyax     (3) 

 Again, choosing czbyax ,,  as multipliers, each fraction of (2) 
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 Therefore 0222 dzzcdyybdxxa  

 Integrating, 2

222222 czcybxa     (4) 

 From (3) and (4) the required general solution is given by 

 ,0),( 222222222 czbyaxzcybxa  is an arbitrary function. 

 

Non-linear partial differential equations of first order but not of first degree, Charpit’s Method:  
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A partial differential equation which involves first order partial derivatives p and q  with degree higher 

than one and the products of p and q  is called a non-linear partial differential equation. The complete 

solution of such equation involves only two arbitrary constants (i.e. equal to no. of independent 

variables). The general method of solving these type of equations is Charpit’s method.   

 

Charpit’s Method is a general method for solving equations with two independent variables. But the 

solution by this method is generally more complicated, therefore this method is applied to solve 

equations which can’t be reduced to any of the standard forms which will be discussed later on.  

 Let the given equation be 0),,,,,( qpzyxf     (1) 

 We know that dyqdxpdz      (2) 

The next step consists in finding another relation 

    0),,,,,( qpzyxF      (3) 

such that the values of p and q obtained by solving (1) and (3), are substituted in (2), it becomes 

integrable. The integration of (2) will give the complete integral of (1). 

In order to obtain p and q differentiate (1) and (3) partially with respect to x and .y     

Then we get 
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Eliminating 
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from equation (4) and (5), we get 
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Similarly, the elimination of 
y

q
 between equation (6) and (7) gives 

0
y

p

q

f

p

F

q

F

p

f
q

q

f

z

F

q

F

z

f

q

f

y

F

q

F

y

f
 (9) 

Since .
2

y

p

x

z

yyx

z

y

z

xx

q
 

Adding (8) and (9), we get 
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0)()()()()( yqxpqqpqzypzx FfFfFqfpfFqffFpff      (10) 

This is a linear partial differential equation of first order , thus 
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Since any of the integral of (11) will satisfy (10), an integral of (11) which involves  p or q (or both) will 

serve along with the given equation to find p and .q  In practice, however, we shall select the simplest 

integral. 

  

Problem 7: Find a complete integral of .pqqypx  

 

Solution: Given equation is 0pqqypxf     (1) 

      .,,0,, pyfqxffqfpf qpzyx  

 Charpit’s auxiliary equations are 
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 Taking first two fractions 
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 Integrating .logloglog aqpaqp  

 Putting the value of p in (1), we have 
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Problem 8: Find the complete integral of ).( qypxzxqfyqxp  

 

Solution: Given )( qypxzxqfyqxpF     (1) 
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 Charpit’s auxiliary equations are 
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Using yx,  as multipliers each fraction of (2)    
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 Integrating azyqxp       (3) 
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 from (4) and (1), we have 
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 Subtracting equation (3) and (5), we have 
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  baxfyxaz log)}(2{log)log(2  

  )}.(2{)( 2 axfybxaz  this is the required solution. 

 

Problem 9: Solve the equation .22 yqxpz  

 

Solution: Let zyqxpf 22
      (1) 

 qyfpxffqfpf qpzyx 2,2,1,, 22  

 Charpit’s auxiliary equations are 
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Integrating, yaqxpayqxp 2222 logloglog    (2) 

 

From equation (1) and (2), we have 
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Integrating, .)1( byaxza  this is the required solution. 

 

Special methods of solutions applicable to certain standard forms: We have already discussed the 

general method (Chaript’s method) for solving non-linear partial differential equations.  

 We now discuss four standard forms to which many equations can be reduced, and for which a 

complete integral can be obtained by inspection or by other shorter methods. 

 

Standard form I: (Only p and q present) 

 

 If an equation having only p and q that is of the form .0),( qpf The complete solution of this 

type of equations is cbyaxz    (1) 

where a and b  are connected by the relation 0),( baf   (2) 

from (2), we have ).(ab  

Therefore, from (1) the complete solution of  0),( qpf  is .)( cyaaxz  

where a and c are arbitrary constants.  

 

Remark: Sometimes change of variable can be used to transform a given equation to standard form I. 
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Problem 10: Solve .222 mqp  

 

Solution: Given 
222 mqp      (1) 

 Since (1) is of the form ,0),( qpf  its solution is  

  cbyaxz      (2) 

 where )( 22222 ambmba  

 Hence from equation (2), complete integral of (1) is given by 

  .)( 22 cyamaxz  

 

Problem 11: Solve .22222 zqypx  

 

Solution: Given equation can be written as 
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 So that  ZzYyXx log,log,log    (3) 

Using (2), (1) becomes 1
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where .,
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X
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P  Equation (4) is of the form .0),( QPf  
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Therefore solution of (4) is cbYaXZ , where 122 ba  

 

  cYaaXZ )1( 2  

    cyaxaz log)1(loglog 2  which is the required solution. 

 

Problem 12: Find the complete integral of .1))(())(( 22 qpyxqpyx   

 

Solution: Let X and Y be two new variables, such that 
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 Given equation is 1))(())(( 22 qpyxqpyx  (2) 
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 from (3) and (4), we have 
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 Using (1) and (5), (2) reduces to 
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 where .,
Y

z
Q

X

z
P  Equation (6) is of the form .0),( QPf  

Hence solution of (6) is .cbYaXz  where 122 ba  or .)1( 2ab  

Hence the complete solution of given equation is 

  .)()1()( 2 cyxayxaz  

 

Standard form II (Clairaut’s form):  

 

A first order partial differential equation is said to be of Clairaut’s form if it can be written in the form 

 ),( qpfqypxz      (1) 

Let  zqpfqypxF ),(   

.,,1,, qqppzyx fyFfxFFqFpF  

Charpit’s auxiliary equations are 

qpqpzyzx f

dy

f

dx
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dp

qpqp f

dy

f

dx

qfqypfpx

dzdqdp

00
 

Taking first fraction  

  apdp 0     (2) 

Taking second fraction  

  bqdq 0     (3) 

Substituting these values in (1), the complete solution is 

 ).,( bafbyaxz   

 

Problem 13: Solve .pqqypxz  
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Solution: Given equation pqqypxz is in Clairaut’s form. 

 Hence its solution is .abbyaxz  

 

Problem 14: Prove that the complete solution of the equation 

222 1)( qpzqypx  is .)( 2
1

222 cbaczbyax  

 

Solution: Given equation is 
222 1)( qpzqypx  

 

  or 221 qpzqypx  

  or 221 qpqypxz  

 which is in Clairaut’s form. Hence its solution is 

 

  221 BAByAxz    (1) 

To get the required form, we take positive sign in (1) and let ,,
c

b
B

c

a
A  then (1) becomes 

2
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a
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b
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c

a
z  

 222 cbaczbyax or .)( 2
1

222 cbaczbyax  

 

Problem 15: Find a complete integral of  .224 22 qxyypxpqxyz  

 

Solution: The given equation can be written as  
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224

qypx

xy

pq
z  or 

y

z

y
y

x

z

x
x

y

z

yx

z

x
z

2

1

2

1

2

1

2

1 22  (1) 

 

 Put dYydydXxdx 2,2        (2) 

 

 So that YyXx 22 ,        (3) 

 Using (2) and (3), (1) becomes .
Y

z
Y

X

z
X

Y

z

X

z
z  

 or PQQYPXz ,  where 
Y

z
Q

X

z
P ,                             (4)            

        

Equation (4) is in Clairaut’s form. Hence its solution is 

  

 .22 abbyaxzabbYaXz   

 

Standard form III: 

  

Equations of the form .0),,( zqpf   

Let us assume ),()( uayxz  where ayxu  as a solution of the given equation. 

du

dz
uayx

x

z
p )()(  , and  

.)()(
du

dz
auaayxa

y

z
q

 

Substituting these values of p and q in the given equation, we get 0,,
du

dz
a

du

dz
zf  which is an 

ordinary differential equation of first order. Integrating it, we get the complete solution. 
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Working rule for solving equations of the form    0),,( zqpf : 

 

Step I: Let .ayxu  

Step II: Replace p and q by 
du

dz
 and 

du

dz
a  respectively in given equation and solve the resulting 

ordinary differential equation of first order by usual methods. 

Step III: Replace u  by ayx  in the solution obtained in Step II. 

 

Problem 16: Find a complete solution of .4)(9 22 qzp  

 

Solution: Given equation is 4)(9 22 qzp     (1) 

which is of the form .0),,( zqpf  Let ayxu  where a is an arbitrary constant. Now, replacing p

and q by 
du

dz
 and 

du

dz
a  respectively in (1), we get 

 
)(9

4
49

2

22

2

2

azdu

dz

du

dz
az

du

dz
 

 or dzazdu
azdu

dz
2

1
2

2
)(

2

3

3

2
 

Integrating, we get 2
3

2 )( azbu  or 
322 )()( azbu  

Hence the complete solution is .)()( 322 azbayx  

 

Problem 17: Find a complete solution of ).1(22 pqzp  

 

Solution: The given equation is ).1(22 pqzp  
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which is of the form .0),,( zqpf  Let ayxu  where a is an arbitrary constant. Now, replacing p

and q by 
du

dz
 and 

du

dz
a  respectively in (1), we get 

 

2

2

22

2

2

11
du

dz
az

du

dz

du

dz
az

du

dz
 

 
2

22

2

1
)1(

az

z

du

dz
zaz

du

dz
 

 or 
)1()1()1(

)1()1(

222

22

az

azdz

azz

dz

azz

dzaz

z

dzaz
du  

Integrating, we get 
2

2
1

1
az

azz

dz
bu  

Let   dt
t

dz
t

z
2

11
 

 212

2
1sinh1 az

a

t
az

at

dt
bu  

 21 1
1

sinh az
az

bayx ,  which is the complete solution. 

 

Standard form IV (Equations of the form ),(),( 21 qyfpxf ): 

  

As a trial solution, let us put each side equal to an arbitrary constant ,a then  .),(),( 21 aqyfpxf  

Solving these equations for p and ,q let )(1 xFp and ).(2 yFq  

Since  qdypdxdy
y

z
dx

x

z
dz  

dyyFdxxFdz )()( 21  
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Integrating, bdyyFdxxFz )()( 21  

which is the required solution. 

 

Problem 18: Find a complete solution of .)1()1( qxypyx  

 

Solution: Given equation is qxypyx )1()1(  

   or 
y

yq

x

xp

11
 

Equating each side to an arbitrary constant ,a  we have 

  .
11

a
y

yq

x

xp
 

so that 
x

xa
p

)1(
 and 

y

ya
q

)1(
 

Putting these values p and q in qdypdxdz  

 dydy
y

dxdx
x

aadydy
y

a
adxdx

x

a

y

ya
dx

x

xa
dz

11)1()1(
 

Integrating, we have .)(log)log(log byxxyabyxyxaz  

Which is a complete solution containing two arbitrary constants a and .b   

 

Problem 19: Find a complete solution of .)( 22222 yxqpz  

 

Solution: Given equation can be written as  

22

22

2 yx
y

z

x

z
z , or, 22

22

yx
y

z
z

x

z
z  (1) 
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 Let Zdzz  so that Z
z

2

2

     (2) 

From equation (1) and (2), we have 

22

22

yx
y

Z

x

Z
, or, 

2222 yxQP                             (3)                     

where .,
y

Z
Q

x

Z
P  

Equation (3) can be written as 
2222 QyxP . Equating each side by an arbitrary constant ,2a  we 

get 
22222 aQyxP ;  2

1
222

1
22 , ayQxaP  

We know that dyaydxxaQdyPdxdZ 2
1

222
1

22 )()(  

Integrating, 

bayy
a

ay
y

xax
a

xa
x

Z
2

1
})(log{

2
)(

2
})(log{

2
)(

2

22
2

2222
2

22

b
ayy

xax
aayyxaxz

)(

)(
log)()(

22

22

222222  

Method of separation of variables: 

 

The following problem illustrates the method of separation of variables (or product method). 

Problem 20: Using the method of separation of variables solve the equation u
y

u

x

u
3 given 

yy eeu 53 when .0x   

Solution: The equation is u
y

u

x

u
3                     (1) 

Let  )()( yYxXu where X is a function of x alone Y is a function of y alone 

  YX
x

u
 and YX

y

u
 

Substituting in equation (1), we get XYYXYX 3 , or,  )3( YYXYX          (2)  
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Separating the variables 

  k
Y

Y

Y

YY

X

X
3

3
(say) 

(a)  k
X

X
 Integrating 

kxecXckxX 11loglog  

(b)  k
Y

Y
k

Y

Y
33  

  Integrating 
ykecYcykY )3(

22log)3(log  

ykkxeccXYu )3(

21      (3) 

given  yy eeu 53  where 0x  

 

from (3) putting 
ykkxeccyu )3(

21),0(       (4) 

 

Also  
yy eeyu 53),0(  (given)     (5) 

 

Comparing (4) and (5), we get 

 4,313,3 2121 kcckcc  

and 8,153,1 2121 kcckcc  

Hence  
yxyxyxyx eeeeyxu 584)83(8)43(4 33),(  this is required solution. 

 

Applications of partial differential equations 

 

Many physical and engineering problems when formulated in the mathematical language give rise to 

partial differential equations. Besides these, partial differential equations also play an important role in 

the theory of Elasticity, Hydraulics etc.  
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 Since, the general solution of a partial differential equation in a region R contains arbitrary 

constants or arbitrary functions, the unique solution of a partial differential equation corresponding to a 

physical problem will satisfy certain other conditions at the boundary of the region R. These are known 

as boundary conditions. When these conditions are specified for the time ,0t they are known as 

initial conditions. A partial differential equation together with boundary conditions constitutes a 

boundary value problem.  

 In the application of ordinary linear differential equation, we first find the general solution and 

then determined the arbitrary constants from the initial values. But the same method is not applicable 

to the problems involving partial differential equations. Most of the boundary value problems involving 

linear partial differential equations can be solved by the method of separation of variables. In this 

method right from beginning we try to find the particular solutions of the partial differential equation 

which satisfy all or some of the boundary conditions and then adjust them till the remaining conditions 

are also satisfied. A combination of these particular solutions gives the solution of the problem. 

 

Vibrations of a stretched string, one dimensional wave Equation (
2

2
2

2

2

x

y
c

t

y
): 

 

The partial differential equation giving the transverse vibration of the string is given by .
2

2
2

2

2

x

y
c

t

y
 

It is also called the one dimensional wave equation. 

 The boundary conditions, which the equation
2

2
2

2

2

x

y
c

t

y
 has to satisfy, are: 

.
,0)(

0,0)(

lxwhenyii

xwhenyi
 These should be satisfied for every value of .t  

If the string is made to vibrate by pulling it into a curve )(xfy and then releasing it, the initial 

conditions are: 

 ),()( xfyi   when 0t  ,0)(
t

y
ii  when .0t  

 

Problem 21: A slightly stretched flexible string has its ends fixed at 0x and .lx  At time ,0t the 

string is given a shape defined by )()( xlxxf where  is a constant and then released. Find the 

displacement of any point x  of the string at any time .0t   
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Solution: The wave equation is 
2

2
2

2

2

x

y
c

t

y
, the boundary conditions are given as 

,0),(,0),0( tlyty and  0),()()0,(
0tt

y
xlxxfxy  are the initial conditions. 

Let TXy , where X is a function of x  alone and T is a function of t  alone. 

Now TX
x

y
TX

t

y
2

2

2

2

;  

Substituting in wave equation, we get k
T

T

cX

X
TXcTX

2

2 1
(say) (1) 

Equating first and last term of (1), we get 

  0kXX  

Case I: When baxXXk 0,0  

Now applying boundary conditions 00)(,000)0( aallXbbX  

i.e. 00 yX which is a trivial condition i.e. Our supposition 0k is false. 

Case II: When 02mk  

 mxmx beaeXXmX 02  

Now applying boundary conditions 0)(,0)0( mlml beaelXbaX  

Which again gives a trivial solution i.e. our supposition 02mk is false. 

Case III: 02mk  

 mxbmxaXXmX sincos02  

Now applying boundary conditions 0sin)(,000)0( mlblXaaX  

Now either 0b  or .0sinml  If we take 0b  then again a trivial solution, therefore we take 

.sinsin0sin
l

n
bX

l

n
mnml  

Equating second and last term of (1), we get  
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l

ctn
c

l

ctn
cTTcmTTkcT sincos00 21

222  

Therefore 
l

ctn
c

l

ctn
c

l

xn
btxy sincossin),( 21  

On replacing 1bc by na and 2bc by nb and adding up the solutions for different values of ,n  we get 

1

sinsincos
n

nn
l

xn

l

ctn
b

l

ctn
ay    (2) 

Now, applying the initial conditions )()( xlxxfy and ,0
t

y
when ,0t we have 

    
1

sin)(
n

n
l

xn
axf      (3) 

  
1

sin0
n

n
l

xn
b

l

cn
      (4) 

Since equation (3) represents half range Fourier sine series for ),(xf we have 

  
l

n dx
l

xn
xf

l
a

0
sin)(

2
      (5) 

From (4), ,0nb  for all .n  

Hence equation (2) reduces to 
l

xn
dx

l

xn
xf

l
y

n

l

sincos)(
2

1
0

 

l

xn
dx

l

xn
xlmx

l
y

n

l

sincos)(
2

1
0

 which gives the required solution. 

 

One-Dimensional Heat Flow:  

The heat equation is given by 
2

2
2

x

u
c

t

u
where 2c is known as the thermal diffusivity of the material 

of the bar. 
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Problem 22: An insulated rod of length l  cm has its ends A and B maintained at 500c and 1000c 

respectively until steady state conditions prevail. If B is suddenly reduced to 00c and maintained at 00c. 

Find the temperature at a distance x from A at time t. 

Solution: The temperature function ),( txu satisfies the heat equation 
2

2
2

x

u
c

t

u
      (1) 

Prior to the temperature change at the end B, when ,0t  the heat flow was independent of time 

(steady state condition). When the temperature u depends only upon x and not on ,t  (1) reduces to 

0
2

2

x

u
 

Its general solution is baxu  where ba, are arbitrary constants. 

Since 50u for 0x and 100u for ,lx  we get 50,
50

b
l

a   

The initial condition is expressed as 50
50

)0,( x
l

xu  

Also the boundary conditions for the subsequent flow are 0),(,0),0( tlutu  for all values of .t  

To finding the solution of (1), Let )()( tTxXu      (2) 

TX
x

u
andTX

t

u
2

2

 

Therefore from equation (1), we get  

  k
T

T

cX

X
TXcTX

2

2 1
      (3) 

Equating first and last term of (3), we get 

  0kXX  

Case I: When baxXXk 0,0  

Now applying boundary conditions 00)(,000)0( aallXbbX  

i.e. 00 yX which is a trivial condition i.e. Our supposition 0k is false. 

Case II: When 02mk  
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 mxmx beaeXXmX 02  

Now applying boundary conditions 0)(,0)0( mlml beaelXbaX  

Which again gives a trivial solution i.e. our supposition 02mk is false. 

Case III: 02mk  

 mxbmxaXXmX sincos02  

Now applying boundary conditions 0sin)(,000)0( mlblXaaX  

Now either 0b  or .0sinml  If we take 0b  then again a trivial solution, therefore we take 

.sinsin0sin
l

n
bX

l

n
mnml  

Equating second and last term of (3), we get  

2

222

22

11

22 l

tcn

tcm ececTTcmT  

2

222

1sin),( l

tcn

ec
l

xn
btxu  

On replacing 1bc by na and adding up the solutions for different values of ,n  we get 

2

222

sin),(
1

l

tcn

n

n e
l

xn
atxu     (4) 

Since ,50
50

)0,( x
l

xu we have 
2

222

sin50
50

1

l

tcn

n

n e
l

xn
ax

l
 

which is half-range sine series for .50
50

x
l

  

 ).cos21(
100

sin50
502

0
n

n
dx

l

xn
x

ll
a

l

n  

Therefore solution of heat equation is .sin)cos21(
100

),(
2

222

1

l

tcn

n

e
l

xn
n

n
txu  
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Two Dimensional Heat Flow: 

Two dimensional heat equation is 
2

2

2

2
2

y

u

x

u
c

t

u
 

This equation gives the temperature distribution of the plate in the transient state (unsteady state). 

Note: In the steady state, u is independent of t, so that 0
t

u
and the above equation reduces to 

0
2

2

2

2

y

u

x

u
 which is known as Laplace’s Equation in two dimensions.    

 

         

 

 

 

 

 

 

 


